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Lecture 26. BSTs and AVL trees




HW6

Assignment 6: Setting Priorities
Out on: October 26,2018
Due by: November 2,208 before 10:00 pm
Collaboration: None
Grading:
Packaging 10%,
Style 10% (where applicable),
Testing 10% (where applicable),
Performance 10% (where applicable),
Functionality 60% (where applicable)

Overview

The sixth assighment is all about sets, priority queues, and various forms
of experimental analysis aka benchmarking.You'll work a lot with jaybee as
well as with new incarnations of the old Unique program.Think of the
former as "unit benchmarking" the individual operations of a data

I structure, think of the latter as "system benchmarking" a complete (albeit

small) application.




Agenda

I. Recap on Maps
2. BSTs

3. AVL Trees




Part |:Maps




Maps
aka dictionaries
aka associative arrays

Mike -> Malone 323
Peter -> Malone 223
Joanne -> Malone 225
Zack -> Malone 160 suite
Debbie -> Malone 160 suite
Randal -> Malone 160 suite
Ron -> Garland 242

Key (of Type K) -> Value (of Type V)

Note you can have multiple keys with the same value,
But not okay to have one key map to more than 1 value

How might you map to more than 1 value?




Maps, Sets, and Arrays

Sets as Map<T, Boolean> Array as Map<integer, T>

Mike -> True 0 -> Mike

Peter -> True 1 -> Peter
Joanne -> True 2 -> Joanne
Zack -> True 3 -=> Zack
Debbie -> True 4 -> Debbie
Yair -> True 5 => Yair

Ron -> True 6 -> RoOnNn

Maps are extremely flexible and powerful,
and therefore are extremely widely used

Built into many common languages: Awk, Python, Perl, JavaScript...

How could maps be used with sparse arrays?

How could maps be used with graphs?




Map Interface v3

public interface OrderedMap<K extends Comparable<K>,V>
extends Iterable<K>{

void insert (K k, V v) throws DuplicateKeyException;
V remove (K k) throws UnknownKeyException;

void put(K k, V v) throws UnknownKeyException;

V get(K k) throws UnknownKeyException;

boolean has(K k);

Woohoo! Now keys can be compared to each other

How would you implement this interface?



Map Implementation
't Option 1: Parallel Arrays (sorted by keys) N
PAMap
keys —
values -+
\C /
/ Option 2: Array of KeyValue objects (sorted by keys) \
KVAMap ]
keyvals - i
KeyValue
key
K value /
If the arrays are sorted, we can use binary search =>

get() and has() will run in O(lg n) time!

What about insert() or remove()? O(n) time ®

Could we do everything in O(Ig n) time or faster?




Part 2: Binary Search Tree




Binary Search Tree

SN TN
~ CenaBSThaedwploatevalues?




Examples




Searching




Searching /

Recursive Iterative

search(tree, key): has (key):

tree = root
if tree is empty:

return false while tree is not empty
if key == tree.key: if key == tree.key:
return true return true
elif key < tree.key: elif key < tree.key:
return search(tree.left, key) tree = tree.left
else: else:
return search(tree.right, key) tree = tree.right
has (key): return false;

search (root, key)

Which version do you like better? Why?




Constructing




Binary Search

Binary Search (and balanced BSTs) are fast because we split the range in half

> ? »
N A 1‘1 1‘1
N\ ' ' ' ' ' 2i x n/2!

[How many times can we split a list in half?]

lgn ©



Binary Search

What if we miss the median and do a 90/10 split instead?

n

n/10 + 9n/10
... +81n/100

... +729n/1000

.. +6561n/10000

... +59049n/100000

... + 531441n/1000000

... +4782969n/10000000

...+ 9In/10




90% binary search

90/10 split runtime analysis Find smallest x s.t.
(9/10)*n < 1

(10/9)* > n

If we randomly pick a pivot, we will get at least a 90/10
split with at least 90% probability => O(log,,9 n)

If we randomly pick a pivot, we will get at least a 99/100
split with at least 99% probability => O(log|¢/99 N)



x10099

99% binary search
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Everything is “okay” (but ~100x slower) as Ikong as we always slice off 1% of the list

What happens if we only slice off 1 item?

How would this occur?




Removing




Binary Search Tree




Binary Search Tree

The predecessor is the The successor is the
rightmost node in the left leftmost node in the right
subtree subtree




Binary Search Tree

Swapping the predecessor with root is

good because:

1) The ordering of the tree is preserved

2) The predecessor has zero or 1 child

« It cant have 2 children or it is not
the predecessor (that right child

is bigger)

The predecessor is the
rightmost node in the left
subtree




Removing




BinarySearchTreeMap (I)

import java.util.Iterator;

6

/ \

public class BinarySearchTreeMap<K extendsComparable<K>,6 V>
implements OrderedMap<K, V> {

private static class Node<K, V> {
Node<K, V> left, right;
K key;
V value ;
Node (K k,V v){
this.key = k;
this.value =v;

}

private Node<K, V> root;

public boolean has(K k) {
return this.find(k) != null;

}

Static nested class
Sometimes convenient
to use child[0] and
child[1]

has() calls
find()

9



6

BinarySearchTreeMap (2)

/ \

9

private Node<K, V> find(K k) {
Node<K, V> n = this.root;

while (n != null) { find() iteratively
int cmp = k.compareTo(n.key); walks the tree,
if (emp < 0){ returns null if

n = n.left;

} else if (cmp > 0){
n = n.right;

} else {
return n;

not found

}

}

return null;

}

public void put(K k, V v) throws UnknownKeyException {
Node<K, V> n = this.findForSure(k);
n.value = v;

}

public V get (K k) throws UnknownKeyException { pUt()/.get() use a
Node<K, V> n = this.findForSure(k); special
return n.value; findForSure()

} method




. 6
BinarySearchTreeMap (3) /"
3 9
/ \
private Node<K, V> findForSure(K k) throws UnknownKeyException {1 4
Node<K, V> n = this.find(k);
1t (n == null) | _ Just like find() but
throw new UnknownKeyException(); . .
} throws exception if
return n; not there
}
public void insert (K k, V v) throws DuplicateKeyException{
this.root = this.insert(this.root, k, v);
}
private Node<K, V> insert(Node<K, V> n, K k, V v) {
if (n == null) { Recurse to right spot,
return new Node<K, V>(k, v); add the new node
} J
int cmp = k.compareTo(n.key); ancirgh1n1the
if (cmp < 0){ modified tree after

n.left = this.insert(n.left, k, v); insert is complete
} else if (cmp > 0){
n.right = this.insert(n.right, k, v);

b oelsa (n.left or n.right may
throw new DuplicateKeyException(); be reset to same

} value for nodes that

return n;

don’t change)




6

BinarySearchTreeMap (4)

/ \
1 4

9

public V remove(K k) throws UnknownKeyException { First get() it so we
V value = this.get(k);
this.root = this.remove(this.root, k); can return the value,
return value; then actually remove

}

private Node<K, V> remove(Node<K, V> n, K k) throws UnknownKeyException {
if (n == null) {
throw new UnknownKeyException();

}

int cmp = k.compareTo(n.key);

if (cmp < 0){

n.left = this.remove(n.left , k);
} else if (cmp > 0){

n.right = this.remove(n.right, k);

} else {
n = this.remove(n); .
} Recurse to right spot,
then call the
return n; overloaded private
d remove() function




BinarySearchTreeMap (5) .

private Node<K, V> remove(Node<K, V> n) {
// 0 and 1 child
if (n.left == null) {
return n.right;

}

if (n.right == null) {
return n.left;

}

// 2 children

Node<K, V> max = this.max(n.left);
n.left = this.removeMax(n.left);
n.key = max.key;

n.value = max.value;

return n;

}

private Node<K, V> max(Node<K, V> n) {
while (n.right != null) {
n = n.right ;
}

return n;

6

3
/ \

Easy cases

Find the max of the
subtree rooted on the
left child -> its
predecessor

Just keep walking
right as far as you
can

9



BinarySearchTreeMap (6)

private Node<K, V> removeMax(Node<K, V> n) {
if (n.right == null) {
return n.left;

}

n.right = removeMax(n.right);
return n;

}

public Iterator <K> iterator () {
return null;

}

public String toString () {
return this.toStringHelper(this.root);

}

private String toStringHelper (Node<K, V> n)
String s = "(";
if (n != null) {
s += this.toStringHelper(n.left);
s += "" + n.key + ": " + n.value;
s += this . toStringHelper (n.right);
}

return s + ")";

{

6

/ \

Fix the pointers to
maintain BST
invariant

Flush out rest of
class: recursively
traverse the tree to
fill up an
ArrayList<K> and
return its iterator ©

9



Part 3:AVL Trees




Constructing

7 5 8 1 3 4 9
empty =—>p 7 —> T —> 7 — 7 —_— 7 —_— 7 —_— 7




AVL Tree

7 5 8 1 3 4 9
empty =—>p 7 —> T —> 7 — 7 —_— 5 —_— 5 —_— 5
/ / \ / \ / \ / \ / \
5 5 8 5 8 3 7 3 7 3 8
/ / \ / \ \ / \ / \
1 1 8 1 4 8 1 4 7

*not an actual AVL tree construction




Balanced Trees

iy,

2 3

/1




Bonus: Counting Binary Search Trees

How many valid binary search trees are there with n nodes?

1 2 1 3 3 2 1 1
/ \ / / / \ \ \
1 2 2 1 1 3 3 2
/ \ / \
1 2 2 3
C(1)=1 C(2) =2 C(3)=5
C(4) =14 C(5) = 132 C(6) = 429

The number of binary trees can be calculated using the Catalan number.

Recursive solution:
Number of binary search trees = (Number of Left binary search sub-trees) *
(Number of Right binary search sub-trees) * (Ways to choose the root)

o i - } ) (271.)' C 411 NOT ON
f(n) = Zl:f(t —1)f(n—1) = (n+1)inl r n ~ =N FINAL@EXAM




Maintaining Balance
Assume that the tree starts in  balanced state:

Insert left, Insert left, Insert right, Insert right,
Same height Height + 1 Same height Height + 1




Maintaining Balance

Insert left, Insert right, Insert left, Insert right,
AVL Violation! Rebalanced Rebalanced AVL Violation!




Maintaining Balance

Case 1a Case 4a




Tree Rotations

right-rotation(B)

>
<€

left-rotation(A)




Restoring Balance

h+1

h+1 h+1
h h h h

h+2

—



h+2

Restoring Balance

h h
h+1 h h h

+1

h+2

—



Corner cases




Corner cases




Corner cases




Corner cases




Complete Example

Insert these values: 457213

ins(5) ins(2)
/\ /‘\
4 4 5 5 5
/ \
2 7
ins(7) )< \r(y (
ins(1) / |ns(3

1
1(2) C.
o R— !

/

/

\

\



Implementation Notes

* Rotations can be applied in constant time!
* Inserting a node into an AVL tree requires O(lg n) time and
guarantees O(lg(n)) height

« Track the height of each node as a separate field

* The alternative is to track when the tree is lopsided, but just as
hard and more error prone

« Don’t recompute the heights from scratch, it is easy to compute
but requires O(n) time!

« Since we are guaranteeing the tree will have height Ig(n), just use
an integer

* Only update the affected nodes

Check out Appendix B for some very useful tips
on hacking AVL trees!




Sample Application

I https://visualgo.net/bst




Next Steps

. Work on HW6

2. Check on Piazza for tips & corrections!




